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The Solow Growth Model

Adding Technological Progress

Over time, technology improves.  That means that the SAME amount of labor can produce MORE output.  This is called labor-augmenting technological change.

The simplest way to model this is to pretend that there are MORE workers.  There actually aren't, but we pretend that there are.

That means that this year’s k, the stock of capital per worker in efficiency units, will change due to FOUR effects:


1) investment – k will grow as more machines are added


2) depreciation – k will fall as machines wear out and are thrown away

3) population growth – k will fall as there are (really) more workers upon which to spread

machines around

4) technological change – k will fall as technological progress makes it seem that there

are (but there aren't, it's imaginary) more workers upon which to spread machines around

These effects are captured in one single equation:


k = sy – ( + n + g)k

Let’s derive this equation. L grows at a constant rate n and technological progress makes L grow at constant rate g.

The total capital stock in period t+1 is equal to the total capital stock in the previous period plus the amount of output devoted to investment minus the amount of capital used up in production. In the language of mathematics, that's:

Kt+1 = Kt + sYt - Kt
Now, let's divide the entire equation by the number of workers in period t+1:
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As before, we have to substitute out the Lt+1 terms on the right-hand side with something times Lt so we can do the y=Y/L and k=K/L substitutions.

If we assume constant population growth that equals constant labor force growth, we have, Lt+1=(1+n)Lt.  

That's easy, but how do we handle technological progress?

If we assume constant labor-augmenting technological change, we can pretend that the effect of the more productive workers is that there are simply more workers.  Here's the argument.


Understanding g sheet in SolowModel.xls
So, in efficiency units, L x E, technological change is just like adding more workers.  Population increases raises L, while technological change raises E. Either way, you get an increase in Labor in efficiency units, L x E.

What happens when we combine population growth and technological change?  The two interact multiplicatively, like this:


Understanding g sheet in SolowModel.xls
The basic idea is that we model tech change as increasing the amount of Labor.  That means we can write the following, Lt+1=(1+n)(1+g)Lt.  

So, we can simply replace the Lt+1 values on the right-hand-side with (1+n)(1+g)Lt:
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Then, we can apply the K/L = k and Y/L = y substitution:
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We can't simply do "the change in k, k, is equal to kt+1 - kt" because of that pesky 1/(1+n)(1+g). We've got to get rid of it. How? 

Let's collect the kt terms on the right-hand-side:
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Once again, here comes the really tricky part. 

We know we want a kt term so that we can do the k move so we add and subtract 1 from inside the brackets, like this:
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Then we multiply through and recombine terms in the numerator, keeping careful track of the signs:
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Now that we've got the kt term on the right-hand-side, we can subtract it from the left-hand-side in order to get k:
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You have to admit we're pretty close to k = syt - (+n+g)kt.  How do we get the rest of the way? 

Well, it turns out that, strictly speaking, we don't. There are TWO differences between where we are and our final destination.  One can be completely ignored at the steady state and the other is dropped via an approximation.

1) The (1+n)(1+g) term

As before with the (1+n) term, at the steady-state, the (1+n)(1+g) term disappears because k = 0 at the steady state.  

When k = 0, the sy and (n+g+ng)k terms will equal each other and multiplying both sides by (1+n)(1+g) will cancel out the (1+n)(1+g) terms.  (Or, if you multiply both sides of k by (1+n)(1+g), then set (1+n)(1+g)k = 0, it's clear that the (1+n)(1+g) term will vanish.)

The upshot of the argument above is that when we solve for the steady-state solution, we can safely ignore the (1+n)(1+g) term and treat the equilibrium condition as simply syt - (+n)kt = 0.

However, if we want to get the correct time path of the system, the (1+n)(1+g) term does matter.  The SolowModel.xls workbook gets it exactly right. 

2) The ng term

Well, the ng term (in the numerator) is going to go—literally go, as in deleted—under the name of "approximation."

See p. 24 for more.  We simply apply the approximation that a %L and a %E lead to a %L + %E in LxE.  The actual percentage change is %L + %E + %L x %E, but this last term is small when %L and %E are small.

If you can't believe all of this, check out the Omitting ng sheet.  It's clear that the approximation works well.  Since 0.01 x 0.02 = 0.0002, that's not too surprising.

Finding the Steady State (Equilibrium) Solution

A) Numerical Methods


? Years button

The old reliable—watch the time path and see where it settles down



Keep your eye on the efficiency, per worker, and own units

The VERY Important Lesson:

Under population growth and labor-augmenting technological change, in the steady state, 

1) y*eff is a constant


2) y* grows at g; y* is Real GDP per capita


3) Y* grows at n+g; Y* is Real GDP

Excel Solver—will find the steady-state in efficiency units, but cannot be used to compare y*, c*, i*, or k* (or their uppercase counterparts) in different economies.  Time path analysis must be used to answer questions about real output, consumption, investment, or capital (in own units or per person).

B) Algebra

Comparing Numerical Methods—are the answers the same?

Finding the Golden Rule Level of the Savings Rate

Comparative Statics
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