Excel File: PopGrowth.xls
Population Growth in the Solow Growth Model

The Basic Idea

Over time, population and L, the number of workers, increases.  That means that this year’s k, the stock of capital per worker, will change due to THREE effects:


1) investment – k will grow as more machines are added


2) depreciation – k will fall as machines wear out and are thrown away

3) population growth – k will fall as there are more workers upon which to spread

machines around



The sheets US Population and US Civilian LF contain data on pop growth rates.



These sheets show the following facts to remember: 

US population has grown at 1.3% per year from 1900 to 1998.




US civilian labor force has grown at 1.65% per year from 1947 to 1999.




We'll follow Mankiw, to keep it simple, and assume both will grow at 1%.

Mankiw captures the three influences on changes in capital per worker in one single equation:


k = sy – ( + n)k

Obviously, the n stands for the rate of growth of population, but how does the math work? How is this equation derived?

No Population Growth Model

First, let’s do the n=0 case:

The total capital stock in period t+1 is equal to the total capital stock in the previous period plus the amount of output devoted to investment minus the amount of capital used up in production. In the language of mathematics, that's:

Kt+1 = Kt + sYt - Kt
Now, let's divide the entire equation by the number of workers in period t+1:
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Since there's no population growth, Lt+1=Lt, so we can simply replace the Lt+1 values on the right-hand-side with Lt:
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Then, we can apply the K/L = k and Y/L = y substitutions:

kt+1 = kt + syt - kt
Since the change in k, k, is equal to kt+1 - kt, we have:

k = syt - kt
The equation above describes how capital per worker changes.  In the steady state, the change in capital per worker must be zero, so k = syt - kt = 0 is the familiar steady-state condition we used for the simple, KAcc model.

Adding Population Growth

Now, what happens when L is growing at a constant rate, n?

We return to the starting point:

Kt+1 = Kt + sYt - Kt
Now, let's divide the entire equation by the number of workers in period t+1:
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If we assume constant population growth that equals constant labor force growth, we have, Lt+1=(1+n)Lt.  

Like Mankiw says, if n=1% per year, then 150 million workers in one year will lead to 1.01*150 = 151.5 million the next year and 1.01*151.5 or 153.015 million the year after that.  

So, we can simply replace the Lt+1 values on the right-hand-side with (1+n)Lt:
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Then, we can apply the K/L = k and Y/L = y substitution:
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We can't simply do "the change in k, k, is equal to kt+1 - kt" because of that pesky 1/(1+n). We've got to get rid of it. How? 

Let's collect the kt terms on the right-hand-side:
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Here comes the really tricky part. 

We know we want a kt term so that we can do the k move so we add and subtract 1 from inside the brackets, like this:
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Then we multiply through and recombine terms in the numerator, keeping careful track of the signs:
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Now that we've got the kt term on the right-hand-side, we can subtract it from the left-hand-side in order to get k:
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You have to admit we're pretty close to k = syt - (+n)kt.  How do we get the rest of the way?  

Well, it turns out that, strictly speaking, we don't.  What we do is note that, at the steady-state, the (1+n) term disappears because k = 0 at the steady state.  

When k = 0, the sy and (n+)k terms will equal each other and multiplying both sides by (1+n) will cancel out the (1+n) terms.  (Or, if you multiply both sides of k by (1+n), then set (1+n)k = 0, it's clear that the (1+n) term will vanish.)

The upshot of the argument above is that when we solve for the steady-state solution, we can safely ignore the (1+n) term and treat the equilibrium condition as simply syt - (+n)kt = 0.

However, if we want to get the correct time path of the system, the (1+n) term does matter.  The Excel sheet PopGrowth gets it exactly right. 

Mankiw's Presentation

The algebra presented above may confuse or enlighten you.  It is certainly cumbersome and boring.  Mankiw simply avoids it.  Footnote 6 (p. 98) says: "After a bit of manipulation, this produces the equation in the text." It looks like he remains faithful to his goal: "to offer the clearest, most up-to-date most accessible course in macroeconomics in the fewest words possible."  

Finding the Steady State (Equilibrium) Solution

Having explained the derivation of the syt - (+n)kt = 0 equilibrium condition, we can now find the initial steady state solution to the model.

A variety of options are available.

Numerical Methods


PopGrowth sheet



? Years button

The old reliable—watch the time path and see where it settles down


Excel Solver

a new strategy

Algebra


Same as before, except now there's an n term floating around.


Suppose y = f(k) = Ak, with A = 1 and a = 1/2, then at the steady state we'd have:
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Comparing Numerical Methods—are the answers the same?

Finding the Golden Rule Level of the Savings Rate

[image: image14..pict]
Numerical Methods

Notice how you can use the constraint to force Solver to find the savings rate that maximizes c* subject to being in the steady state. 

Comparative Statics

Numerical Methods

1) Time Path based methods


The clunkiest is [image: image12.wmf]1) Comp 

Statics



A close second is [image: image13.wmf]2) Comp 

Statics


They both suffer from the fact that you have to make sure you've driven k close enough to zero.  Even numbers like 0.002345 may yield a k that is "far away" from k*.


Their advantage is that you can see the time path.


The Comparative Statics Wizard

2) Solver based Methods

Use the Comparative Statics Wizard to have Solver (properly constrained) find steady state solutions given a set of values of an exogenous variable.

Analytical Methods (Algebra and Calculus)


Take the derivative of the reduced-form and evaluate it.

Comparing Methods—are the answers the same?
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